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    A quantum oscillator coupled to a heat bath is a very important and useful problem for 
many processes dealing with dynamics of open quantum systems. Brownian dynamics of a 
dissipative quantum system is often modeled by coupling the system to a large number of 
harmonic oscillators. Such a pure mechanical hamiltonian system composed by one particle 
plus a thermal reservoir allows investigating the origin of irreversibility in the dynamics of a 
quantum system interacting with a heat bath. A total Hamiltonian in, various approximations 
and associated quantum Langevin equations are described in detail in many papers in 
different contexts; see for example [1-7] and cited literature therein. The key point of the 
problem is how to model the bath. In this connection the frequently used independent-
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oscillator model of a heat bath, the velocity coupling model, the linear coupling model and 
their connections via some unitary transformations were discussed. The impressive result of 
the theory is a general self-consistent representation of the fluctuation and dissipation 
interaction of the selected oscillator with a reservoir, analytically expressed by the quantum 
Langevin equation. The adjoint problem is associated with defining and calculating the 
partition function, density of states, energy, specific heat of the damped quantum oscillator. 
In this connection, the corresponding thermodynamic functions for an oscillator coupled to a 
heat bath, various definitions of the functions, some subtleties due to possible approximations 
were studied in [8-12]. For instance, an analytic formula for the free energy of a quantum 
oscillator coupled to a heat bath expressed via the Green’s function of the quantum Lagevin 
equation was derived by two independent methods. Besides, specific heat anomalies of the 
same open system was investigated based on different possible definitions of the specific 
heat. Actually in parallel, another set of studies were performed from the point of view of the 
relaxation of open systems to the equilibrium state and description of the nonequilibrium 
transport phenomena. A problem for coupled oscillators interacting with heat baths 
characterized by its own temperatures was considered  in [13-18] to clarify the approach to 
the equilibrium or to some transient stationary state of the system. It was shown that an 
arbitrary initial state of a harmonic oscillator state decayes towards a uniquely determined 
stationary state. Exact calculations of heat flows and thermal conductivities in harmonic 
oscillator chain were made. The above mentioned problem is similar to  the more realistic 
problem of interaction between systems within different thermostats kept with own 
temperatures, for instance, in physics of the dispersion forces between bodies out of thermal 
equilibrium [19-25]. Obviously, that the problem of interaction of particles in nonequilibrium 
systems allows better understanding of natural phenomena. 
     In this letter the problem of two coupled quantum oscillators interacting with ensembles of 
harmonic oscillators is considered. These ensembles simulate heat baths characterized, in 
general, by different temperatures.  The main goal of the paper is to derive the interaction 
energy of the selected two damped oscillators in a system out of thermal equilibrium. 
     Let us consider two coupled quantum particles surrounded by a large number of heat baths 
oscillators. The Hamiltonian of the system can be written as follows                                          
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where xˆ , yˆ , 1,2pˆ , 1,2m are the particles coordinates and momentum operators and masses, 1ˆ ˆ( )V x ,
2ˆ ˆ( )V y   are the potential energies of external forces, λ is the coupling constant, ˆ jq , ˆ jp , jω , jm
and ˆkq , ˆkp , kω , km are the oscillators coordinates and momentum operators composing the 
baths and their eigenfrequencies and masses. The operators are subjected by usual 
commutation rules 1ˆ ˆ[ , ]x p i= = , 2ˆ ˆ[ , ]y p i= = , ˆ ˆ[ , ]i j ijq p i δ= = for both baths. In this work we 
take that the commutators of operators from different reservoirs vanish. It is follows from 
Eq.(1) that the total Hamiltonian can be represented as a sum of separate terms 
                                            01 02 int 1 2ˆ ˆ ˆ ˆ ˆ ˆB BH H H H H H= + + + + ,                                          (2) 
where each term has an obvious meaning after a term-by-term comparison of Eq.(1) and (2). 
    It should be noted that the Hamiltonian in Eq.(1) is direct extension of the independent 
oscillator model [4] to the described case of two heat baths with explicit term related to the 
interaction energy ( )intˆ ˆˆ ˆ ˆ / 2H xy yxλ= − + . Besides, being written by creation-annihilation 
operators, the Hamiltonian in Eq.(1) looks similar to the one in [16]. But, we have two 
essential differences. Firstly, the authors of [16] neglected indirect interaction of the selected 
oscillators through the heat bath. Opposite to this, we include the indirect interaction 
manifesting in functional dependencies of the operators ˆ ˆ ˆ ˆ ˆ ˆ( , , , )j j k kx x q p q p= and 
ˆ ˆ ˆ ˆ ˆ ˆ( , , , )j j k ky y q p q p= on the bath operators. In this case the operators become non-commuting 
and the interaction term intHˆ should be taken in the symmetrized form in order to obtain real 
average values. This allows taking into account any weak interactions between the oscillators. 
Secondly, in our problem the fluctuating forces appear in corresponding quantum motion 
equations by the self-consistent manner, different from the cited paper [16]. 
    Then we omit the carets for convenience. Use of the Heisenberg equations of motion as 
applied to the operators 1,x p  , 2,y p  and ,j jq p , ,k kq p , followed by elimination of the 
operators 1 2,p p  and ,j jq p , ,k kq p , yields to the coupled system of quantum Langevin 
equations 
                             
1 1 1 1 1
2 2 2 2 2
( ) ( ) ( ) ( ) / ( / ) ( ),
( ) ( ) ( ) ( ) / ( / ) ( ),
t
t
x t dt t t x t V x m m y F t
y t dt t t y t V x m m x F t
μ λ
μ λ
−∞
−∞
⎧ ′ ′ ′ ′+ − + = +⎪⎨⎪ ′ ′ ′ ′+ − + = +⎩
∫
∫
 
 
,                     (3) 
 where 1,2 ( )F t are the operator-valued random forces acting wthin two thermal baths 
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1,2 ( )tμ  are the memory functions, see, for instance, [4,7].                                                  
Then, we use the following Fourier transform to solve the system of Eq.(3) 
                                                 ( ) ( ) exp( )A t d A i t
∞
−∞= Ω Ω − Ω∫ ,                                             (5) 
and consider harmonic potentials 2 21 1 01 / 2V m xω= and 2 22 2 02 / 2V m yω=  in Eq.(3), where 01ω
and 02ω are the eigenfrequencies of two selected oscillators. Thus, we have  
                                               1 1 1
2 2 2
( ) ( ) ( / ) ( ) ( ),
( ) ( ) ( / ) ( ) ( ),
x m y F
y m x F
β λ
β λ
Ω Ω = Ω + Ω⎧⎨ Ω Ω = Ω + Ω⎩
                                     (6) 
instead of the system in Eq.(3), where 2 20 1,2( ) ( ) ( ),m m iβ ω μΩ = −Ω − Ω Ω ( 1, 2)m = , and 
1,2 ( )μ Ω are the one-side Fourier transforms of the memory functions. From Eqs.(6) we have                            
              1 2 2 1 2 1 1 2
( / ) ( ) ( ) ( ) ( / ) ( ) ( ) ( )( ) , ( )
( ) ( )
m F F m F Fx y
D D
λ β λ βΩ + Ω Ω Ω + Ω ΩΩ = Ω =Ω Ω ,        (7) 
where 21 2 1 2( ) ( ) ( ) /D m mβ β λΩ = Ω Ω − . 
Now, judging by Eq. (7), one can conclude that the Brownian vibrations ( ), ( )x yΩ Ω of the 
first and second oscillators are determined by the random forces 1 2( ), ( )F FΩ Ω  both of the first 
and second reservoirs due to the constant connection λ , even in the case of independent heat 
baths. The Fourier transforms of 1 2( ), ( )F FΩ Ω can be easily found from Eq. (4)       
                               
{
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1 1
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[ ( ) ( )] / 2
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j j j j j
j
j j j j j
F m m q
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ω δ ω δ ω
δ ω δ ω ω
=
Ω = Ω− + Ω+ +
+ Ω− − Ω+
∑
                         (8)                     
                                    
{
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2
2
2 2
1
( ) ( / ) [ ( ) ( )] / 2
[ ( ) ( )] / 2 .
N
k k k k k
k
k k k k k
F m m q
ip m
ω δ ω δ ω
δ ω δ ω ω
=
Ω = Ω− + Ω+ +
+ Ω− − Ω+
∑                    (9) 
From Eq. (7)  it is follows that the position fluctuations of two coupled oscillators can be 
separated in two parts 1 2( ) ( ) ( )x x xΩ = Ω + Ω  and 1 2( ) ( ) ( )y y yΩ = Ω + Ω  due to different bath 
actions, where 
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1 2 2 1
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m F Fx x
D D
λ βΩ Ω ΩΩ = Ω =Ω Ω ,                              (10) 
                                        
2 1 1 2
1 2
( / ) ( ) ( ) ( )( ) , ( ) .
( ) ( )
m F Fy y
D D
λ βΩ Ω ΩΩ = Ω =Ω Ω                              (11) 
Using Eq. (5) we obtain 1( )x t , 2 ( )x t  and 1( )y t , 2 ( )y t .  
From the Hamiltonian  in Eqs. (1),(2) we calculate mean values  01H , 02H and  intH . In 
this connection it is worth to recall that in the Ohmic approach the quantities 01H  and
02H  coincide with the mean energies of oscillators [8].  Thus, we consider the 
nonmarkovian case, when 1,2 1,2( ) 2μ γΩ = . Direct calculations of 2( )x t  and 2( )y t  followed by 
a time and ensemble averaging using the mean values for the baths variables 
( / 2 ) ( / 2 )n m n n n B nmq q m Coth k Tω ω δ= = = ,  ( / 2) ( / 2 )n m n n n B nmp p m Coth k Tω ω δ= = = , 
(1/ 2)n m n m nmq p p q i δ= − = = from papers [4], [26], in case of independent thermal baths 
yields for the mean energy of the first oscillator       
 ( ) ( )2 1
2 2 2
1 1 2 1 1 01
22 2 2 22
01 2 01 1 22 2
2 22
1 12 1 1
( , ) ( ) / 2 ( ) / 2
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ω ω ω ω ω ω β ωλ ω ωω ω= =
= + =
⎫+ Θ + Θ⎧ ⎛ ⎞ ⎛ ⎞ ⎪+⎨ ⎬⎜ ⎟ ⎜ ⎟⎩ ⎝ ⎠ ⎝ ⎠ ⎪⎭
∑ ∑

,    (12) 
for the mean energy of the second oscillator                                         
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1 11 2 2
( , ) ( ) / 2 ( ) / 2
( , ) ( , ) ( )1
2 ( )( )
N N
j j k k kj k
j k
j k kj
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ω
ω ω ω ω ω ω β ωλ ω ω ωω= =
= + =
⎫+ Θ + Θ⎧ ⎛ ⎞ ⎛ ⎞ ⎪+⎨ ⎬⎜ ⎟ ⎜ ⎟⎩ ⎝ ⎠ ⎝ ⎠ ⎪⎭
∑ ∑

,     (13) 
and for the mean energy of their interaction                                        
{ } { }1 2
int 1 2
2
1 2 2 12 2
2 2
1 11 2 1 2
( , ) ( ) ( ) ( ) ( ) 2
( , ) Re ( ) ( , ) Re ( )
( )( )
N N
j jj k kk
j k
j k kj
U T T x t y t y t x t
Tm Tm
m m m m DD
λ
ω β ω ω β ωλ ω ω ωω= =
= − ⎡ + ⎤ =⎣ ⎦
⎧ ⎫Θ Θ⎛ ⎞ ⎛ ⎞⎪ ⎪− +⎨ ⎬⎜ ⎟ ⎜ ⎟⎝ ⎠ ⎝ ⎠ ⎪⎪ ⎭⎩
∑ ∑ ,           (14) 
where ( , ) ( / 2) ( / 2 )n n n BT Coth k Tω ω ωΘ = = =  is the mean energy of free oscillator within the 
baths. Transition to the quasicontinuum spectrum is performed as usual by introducing the 
spectral density ( )η ω . Thus, introducing the spectral densities for two baths as follows 
                                                   
2
1,2 1,2 1,2( ) ( ) ( ) / 2m mρ ω η ω π ω ω=  ,                                 (15) 
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we obtain from Eqs.(12)-(14) the corresponding formulas in case of the quasicontinuum 
spectral distribution of oscillators . For the mean energy of the first oscillator we have 
                                     
( )
( )
max
max
2 22
01 2
1 1 2 2 22 0
2
22 2
01 1 2
1 20
( , )
( , ) ( )
( )
( , ) ( )
( ) ,
( )
TdU T T
m D
Td
D
ω ω ωλ ω ρ ωπ ω
ω ω ω β ωω ρ ωπ ω
Ω
Ω
+ Θ=
+ Θ+
∫
∫
                     (16) 
for the mean energy of the second oscillator 
                                 
( )
( )
max
max
22 2
02 2 1
2 1 2 2 20
2 22
02 1
1 22 0
1
( , ) ( )
( , ) ( )
( )
( , )
( ) ,
( )
TdU T T
D
Td
m D
ω ω ω β ωω ρ ωπ ω
ω ω ωλ ω ρ ωπ ω
Ω
Ω
+ Θ=
+ Θ+
∫
∫
                 (17) 
and for the mean energy of their interaction 
                               
{ }
{ }
max
max max
2
1 2
int 1 2 1 20
1 2
2 1
2 int20 0
( , ) Re ( )2( , ) ( )
( )
( , ) Re ( )
( ) ( )
( )
TdU T T
m m D
Td d U
D
ω β ωλ ω ρ ωπ ω
ω β ωω ρ ω ω ωπ ω
Ω
Ω Ω
⎧ Θ⎪= − ⎨⎪⎩
⎫Θ ⎪+ =⎬⎪⎭
∫
∫ ∫
,               (18) 
where in the second equality in Eq. (18) we introduced the spectral power density int ( )U ω  of 
the mean interaction energy.  
     It is easy to verify that for decoupled identical oscillators ( 0λ = , 01,02 0ω ω= , 1,2m m=  ) in 
case of total equilibrium ( 1 2T T T= = ) from Eqs. (16)-(18) one can obtain the well known 
quantity of mean energy of an oscillator within a thermal bath 
                                            
max
2 2
0
2 2 2 2 20
0
( ) ( , )( ) 2
( ) 4
TdU T ω ω ωω γπ ω ω γ ω
Ω + Θ= − +∫ ,                           (19) 
where we have taken into account Eq.(15) and  the relation 20 0( ) | ( ) |gπη ω ω γ≈  from [27] 
and 20 0 0( ) ( ) /g m mω ω ω≈ , which can be derived in the rotation wave approximation. 
     Numerical calculations were performed using the Debye and Gauss spectral densities for
1,2 ( )ρ ω in Eqs. (16)-(18). Accordingly we chose the expressions 21,2 01,2( ) 2 ( / )ρ ω γ ω ω= and 
2 2
1,2 01,2( ) 2 exp[ ( ) / 2 ]ρ ω γ ω ω σ= − −  in order to obtain the limiting case 1,2 ( ) 2ρ ω γ→ at 
01,2ω ω→ . Integration in Eqs. (16)-(18) was performed up to the Debye frequency (
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max 01,210 50Dω ωΩ = ≈ ÷ ) and up to infinity for the Debye and Gauss models, 
correspondingly. The chosen parameters of oscillators are as follows:
23
1 2 10 10am m m g
−= = = , where am is the atomic unit mass, 13 101 10 rad sω −= ⋅ , typically for 
the infrared spectra of vibrating atoms in solids. 
      First of all we would like to show some features in the spectral composition of the 
interaction energy. Figure 1 exemplifies the spectral power density int ( )U ω  of the interaction 
energy of two damped oscillators versus the normalized frequency 01/ω ω at different coupling 
constants 0/λ λ shown in the insets. The constants are normalized to the value of the spring 
constant 2 20 1 01 1000 ( / )m g rad sλ ω= = of the first oscillator. The solid and dotted curves in 
each picture correspond to the pair of oscillators when the eigenfrequency of the second 
oscillator is larger ( 02 011.3ω ω= ) and smaller ( 02 010.5ω ω= ) than the eigenfrequency of the 
first oscillator. The damping of the oscillators are 00.02i iγ ω= , 1, 2i = . Despite of the given 
arbitrary units of int ( )U ω the relative ratios between the peaks in each picture are true. It is 
clear from the left panel of the figure that at the weak coupling between the oscillators (
0λ λ ) the resonance peaks of int ( )U ω are situated exactly at the positions of their 
eigenfrequencies. Then, the larger the connection constant ( 0λ λ≤ ), the larger the shifts of 
the peaks from their undisturbed positions, as it can be seen from the both panels of the 
figure. At the comparatively strong connection ( 0λ λ≥ ) the “soft” modes of the two pairs of 
oscillators shift to the low frequency range ( 01ω ω< ) up to full disappearance, as it can be 
seen from the right panel of the figure. The extremely strong connection ( 0λ λ ) yields 
eventually the intrusive vibrations of the coupled oscillators at the frequency 2 1 2/ m mω λ≈ , 
which follows from the resonance condition
2 2 2 2 2 2 2
01 02 01 02 1 2Re{ ( )} ( ) / 0D m mω ω ω ω ω ω ω λ= + − − − =  at 2 2 201 02 1 2m mλ ω ω . Thus, the 
obtained formulae in Eq.(18) allows investigating the interaction energy of two oscillators in 
a wide range of coupling constant. 
      A nontrivial behavior of the interaction energy int 1 2( , )U T T   in Eq. (18) versus the 
coupling constant is demonstrated in Fig.2. Figure (a) exemplifies the normalized quantity 
int 1 2 1 1 2 2 1 2( , ) /[ ( , ) ( , )]U T T U T T U T T+  as the function of the normalized coupling constant 0/λ λ , 
where 1,2 1 2( , )U T T are given by Eqs. (16)-(17).  The three curves correspond to three pairs of 
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coupled oscillators: 13 101 02 10 secradω ω −= = ⋅ - the curve 1, 13 101 02 0110 sec , 1.1radω ω ω−= ⋅ = - 
the curve 2 and 13 101 02 0110 sec , 1.2radω ω ω−= ⋅ = - the curve 3. The main feature of the plots is 
the jump of the interaction energy at the coupling values 01 02 1 2m mλ ω ω≈ . It follows directly 
from the resonance condition | ( ) | 0D ω → at 2 201,2ω ω .Figure (b) shows the nonmonotonic 
dependence of the interaction energy of the same pairs of oscillators at comparatively small 
couplings ( 0λ λ≤ ), which disappears in case of equal temperatures.  
   Figure 3 demonstrates the normalized interaction energy int 1 2 1 1 2 2 1 2( , ) /[ ( , ) ( , )]U T T U T T U T T+  
versus the normalized quantity 02 01/ω ω at two essentially different cases. Namely, this 
quantity is plotted in figure (a) at 1 2 0T T K= = and at 1 300T K= , 2 1000T K= in figure (b). 
The numbers near curves correspond to different coupling constants 2 010λ λ−= -1, 
2
02 10λ λ−= ×  , and 2 03 10λ λ−= ×  -3. It should be emphasized that the two-body dependence 
in figure (b) is very similar to the dependence of the van der Waals  interaction energy in a 
two-body system out of equilibrium, see, for example Fig.2 and 10 in [24]. 
   In summary, the interaction of two coupled quantum oscillators within independent 
reservoirs of quantum oscillators is analyzed based on the system of quantum coupled 
Langevin equations ensuing from the model Hamiltonian. Spectral power density of the 
interaction energy versus a coupling constant is studied. The nonmonotonic dependence of 
the interaction energy in a wide range of coupling variation is shown. The nontrivial 
dependence of the interaction energy as a consequence of the difference in temperatures of 
heat baths is demonstrated. 
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Figure captions 
FIG. 1. Spectral power density int ( )U ω from Eq. (18) of the interaction energy of two damped 
oscillators versus the normalized frequency 01/ω ω at different coupling constants 0/λ λ shown 
in the insets. The constants are normalized to the value of the spring constant 
2 2
0 1 01 1000 ( / )m g rad sλ ω= = of the first oscillator. The solid and dotted curves in each picture 
correspond to the pair of oscillators when the eigenfrequency of the second oscillator is larger 
( 02 011.3ω ω= ) and smaller ( 02 010.5ω ω= ) than the eigenfrequency of the first oscillator. The 
dampings of the oscillators are 00.02i iγ ω= , 1, 2i = , the temperatures of heat baths are
1 300T K= and 1 700T K= , correspondingly. The vertical thin lines indicate the positions of 
eigenfrequencies of two pairs of free oscillators at 01 02 01, 1.3ω ω ω ω ω= = = and at 
01 02 01, 0.5ω ω ω ω ω= = = . 
FIG. 2.  Normalized quantity int 1 2 1 1 2 2 1 2( , ) /[ ( , ) ( , )]U T T U T T U T T+  versus the normalized 
coupling constant 0/λ λ , where 1,2 1 2( , )U T T and int 1 2( , )U T T are given by Eqs. (16)-(17) and 
(18) correspondingly.  The three curves in figure (a) correspond to three pairs of coupled 
oscillators: 13 101 02 10 secradω ω −= = ⋅ - the curve 1, 13 101 02 0110 sec , 1.1radω ω ω−= ⋅ = - the curve 
2 and 13 101 02 0110 sec , 1.2radω ω ω−= ⋅ = - the curve 3. The dampings of the oscillators are 
00.01i iγ ω= , 1, 2i = , the temperatures of heat baths are 1 300T K= and 1 1000T K= . Figure (b) 
shows the same quantity at comparatively small couplings ( 0λ λ≤ ) in more detail.  
FIG.3. Normalized interaction energy int 1 2 1 1 2 2 1 2( , ) /[ ( , ) ( , )]U T T U T T U T T+  versus the 
normalized quantity 02 01/ω ω at two essentially different pairs of temperatures. Namely, in 
figure (a) at 1 2 0T T K= = and at 1 300T K= , 2 1000T K= in figure (b). The numbers near 
curves correspond to different coupling constants 2 010λ λ−= - the curve 1, 2 02 10λ λ−= ×  - 
the curve 2 and 2 03 10λ λ−= ×  - the curve 3. 
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